Abstract. We give a brief survey of some ideas surrounding non-abelian Poitou-Tate duality in the setting of arithmetic moduli schemes of principal bundles for unipotent fundamental groups and their Diophantine applications.
the Langlands programme. On the other hand, this remarkable paper also failed to establish any direct link to the arithmetic of curves.
In fact, an important class of moduli spaces for arithmetic applications are those that involve the étale topology of the field F or that of a ring of S-integers O F,S in F for a finite set S of primes. That is, one obtains algebraic moduli spaces from topological features that do not make direct reference to the algebraic structure of F or O F,S . This is analogous to the way in which the space of representations of the fundamental group of any topological space frequently has the structure of an algebraic variety or stack. In the following, we denote by H i (Z, F) the cohomology of a sheaf F in the étale topology of a scheme Z. When Z = Spec(R) for a ring R, we will follow the standard convention of also writing this as H i (R, F). For any (sheaf of) abelian group(s) F, F[n] denotes the n-torsion subobject.
It isn't much of an exaggeration to state that most of the major developments in algebraic number theory of the last several decades have involved in one way or another the following moduli spaces of principal bundles:
(1) H 1 (Spec(F ), A) for an abelian variety A over F : The Weil-Chatelet group of A.
(2) H 1 (Spec(O F,S ), A[n]), where A[n] is the n-torsion of A, which can be regarded as a locally constant sheaf on some ring of S-integers. In all these cases, because the coefficient sheaf is abelian, to view the cohomology as a 'moduli space' may strike the reader as unnatural. In recent years, however, non-abelian cohomology has emerged as a powerful tool for arithmetic geometry, requiring a willingness to consider an H 1 as a geometric object in its own right, especially in relation to non-abelian p-adic Hodge theory [15] .
In this article, we will review a rather concrete example, namely, the scheme
of principal bundles for certain sheaves of algebraic groups U n , which are Q p -prounipotent completions of étale fundamental groups of varieties. In particular, we will see how the geometry is best understood in terms of reciprocity laws or, equivalently, non-abelian extensions of Poitou-Tate duality. In contrast to moduli spaces like Bun n (X), such étale moduli spaces have the advantage of admitting nonabelian analogues of Abel-Jacobi maps, thereby rendering them useful for Diophantine geometry. In such applications as well, non-abelian Poitou-Tate dualities play a key role in the guise of explicit reciprocity laws. One kind of important moduli space is that of principal bundles for a constant sheaf A of p−adic Lie groups, for example, A = GL n (Z p ). In this case, the moduli space of principal A-bundles on Spec(O F,S ) is the stack of Galois representations
The study of these spaces is of course one of the central research programmes of number theory. However, it is the view of the author that torsors for non-constant sheaves need to be studied on an equal footing and in a manner complementing and naturally generalising the constant case.
Some fundamental groups
Recall Grothendieck's construction of the fundamental group of a scheme X. A geometric point b : Spec(K) -X, that is, a map from the spectrum of a separably closed field, determines a fiber functor
This goes from the category Cov(X) of étale covers of X to the category of sets by sending a cover f : Y -X to the fiber
Using this, one defines the étale fundamental group of X to be the automorphism group of this fiber functor:
Similarly, given two geometric points a, b, we get the étale torsor of paths
Note that there is a natural right action of π 1 (X, b) on π 1 (X; b, c), turning it into a torsor. We focus here on a linearised version [11] , where we replace the category Cov(X) by Un Qp (X)
consisting of Q p -unipotent étale local systems on X. These are lisse Q p -sheaves F on X that admit filtrations
is a Tannakian category, and a geometric point b now defines a fiber functor
to Q p -vector spaces by associating to a sheaf its stalk at b. We define the Q p -prounipotent fundamental group to be the tensor compatible automorphisms of this fiber functor
Recall that this means an element g ∈ U (Q p ) is a collection of automorphisms
indexed by F ∈ Un Qp (X) that are compatible with maps of sheaves and such that g F⊗F = g F ⊗ g F . Given two geometric points a and b, there is also a torsor of Q p -pro-unipotent paths
The case we are interested in is when X = X 0 ⊗F , where X 0 is a smooth variety defined over F . If we choose b ∈ X 0 (F ), then U (X, b) has the structure of a sheaf over Spec(O F,S ) for some finite set 1 S, and H 1 (Spec(O F,S ), U ) acquires the structure of an affine pro-algebraic scheme over Q p [15] . A further feature is a descending central series
with associated quotients U n = U/U n+1 that can be arranged in a tower
This induces a long exact sequence
, whose interpretation is that the image of q n is functorially identified with the kernel of δ n−1 , and the fibers of q n are acted upon simply and transitively by
Each of the U n are finite-dimensional algebraic groups and each H 1 (Spec(O F,S ), U n ) is a Q p -scheme of finite type. It should be noted that the U n n are vector groups, which are furthermore central in U n . Among the motivations for studying these moduli spaces, it is especially important that a torsor P (c) for
. Similarly, the pushout torsor
It is a fact that for each non-Archimedean place v, there is also a long exact sequence
. To see this, using [15] , Proposition 2 and the claim on page 641, it suffices to show that
, section 3.6), where V is the Q p -Tate module of the Albanese variety A of X. Thus, 1 The set S will be taken large enough so that X 0 has a good integral model, i.e., an integral model X 0 over O F,S with a smooth compactification obtained by adjoining a divisor that has normal crossings relative to O F,S . Also, it should contain all places that divide p. We will assume throughout this paper that p is an odd prime over which the aforementioned smooth compactification of X 0 has good reduction.
by the weight-monodromy conjecture for abelian varieties [13] , if v p, then U n n admits a monodromy filtration
with Gr i of weight −n+i. In particular, the inertia invariant subspace [U n n ]
Iv ⊂ M 0 has weights between −2n and −n, and hence, has trivial Frobenius invariants. For v | p, after passing to a field of semi-stable reduction for A, we apply the same argument to the filtered
Gv and B st is Fontaine's semi-stable period ring [9] . That is, D st (V ), and hence D st (U n n ) again has a monodromy weight filtration, and
(because D st is an equivalence of categories) rendering the argument identical to the v p case.
Reciprocity laws
In the following, we will assume that p is odd. This will enable us to leave out the Archimedean places in the discussion of Poitou-Tate duality for H 1 below.
For each v ∈ S, we can pull back U n and any U n -torsor, inducing 'localisation' maps
which come together to an S-localisation map
For the abelian sub-quotients, we also have the
These localisation maps will be the main subject of our study. Even though it is possible to be more general, for the purposes of this exposition, we will assume it is possible to choose S so that loc i S (U n n ) is injective for all n and all i = 1, 2. This appears to be an assumption that's not so easy to check, but for which we can find a good collection of examples. By using the local and global long exact sequences above, it is then straightforward to check inductively that the localization loc 1 S (U n ) is injective for each n. We go on to describe a process for inductively finding equations that define the image of loc 1 S (U n ), limiting ourselves to a brief sketch since the details follow exactly the exposition of [16] . Let G F,S = π 1 (Spec(O F,S ), η), where η comes from an algebraic closureF of F . If M is a finitely-generated Z p -module with continuous action of G F,S and we denote also by M the corresponding sheaf on Spec(O F,S ), by [19] , Prop. II.2.9, the étale cohomology H i (O F,S , M ) can be identified with the Galois cohomology
We will need some bits of 'integral structures,' which we construct as follows. Let π = π p 1 (X, b) be the pro-p étale fundamental group with basepoint b, that is, the maximal pro-p quotient of π 1 (X, b), which is also a sheaf over O F,S . Let π n denote its lower central series and π
where µ i is the sheaf of i-th roots of 1 and the subscript refers to the continuous homomorphisms. For each n, we have the localisation map
Standard Poitou-Tate duality [22] says that we have an exact sequence
Here, (·) ∨ := Hom cts (·, Q/Z) is the Pontriagin dual. The second map is induced by a composition of the dual of localisation and local Tate duality (Op. Cit.):
Let us examine briefly the target of this map.
Lemma 3.1. Let M be a finitely-generated Z p -module with a continuous action of G F,S . Then
where (·) * denotes the Z p -dual and (·)(1) :
Proof. Then there is an exact sequence
where M tor is the finite torsion subgroup andM is free. Thus, we get an exact sequence
is an isogeny, that is, has finite kernel and cokernel. Hence, the map
is an isomorphism. Meanwhile, we haveM * M * , and hence,
Therefore, we may assume that M is free. Then
Therefore,
This time, considering the exact sequence
we see that the map
is an isogeny. But we also have an isogeny
from which we obtain two isogenies
Hence, we end up with an isomorphism
Using the lemma, the Poitou-Tate exact sequence above can be rewritten as
Here, the (·) * now denotes the Q p -dual and the twist (·)(1) the tensor product with
Taking n = 1, this gives defining equations for Im(loc S (U 1 )), in the sense that a basis {v i } for H 1 (O F,S , U * 1 (1))) will give a collection of functions on
whose common zero set is exactly this image. Now assume n ≥ 2 and that we have found defining equations φ i for Im(loc S (U n−1 )). In the long exact sequence
Taking into account the injectivity of localisation at the H 1 -level, we have a commutative diagram as follows:
Note that because E n is defined as a full inverse image, v∈S H 1 (F v , U n n ) still acts on it as in this diagram. Also, by our assumption about the injectivitity at the H 2 level, the map q n in the diagram is surjective and gives
is closed, since it's the kernel of the boundary map. Hence, loc
is an affine scheme. Therefore, we can choose a scheme-theoretic splitting
. This allows us to define an algebraic map
via the formula
. That is, if we suppress the localisation maps from the notation, r n (x) is the v∈S H 1 (F v , U n n ) discrepancy between x and the splitting map evaluated at q S n (x). We thus get a map
As in [16] , by Poitou-Tate duality applied to U n n , we get
is independent of the splitting s n , and
is its kernel.
Since each E n is a closed subscheme of v∈S H 1 (F v , U n ), each r n can be extended tor
From this, we get a sequence of maps
The discussion above can be summarised as follows:
[Non-abelian Poitou-Tate duality] The choice of extensions r n for i ≤ n above define a map Ψ :
such that (Im(Ψ)) is the defining ideal of Im(H 1 (O F,S , U n )). The ideal (Im(Ψ)) does not depend on the choice ofr n .
Explicit reciprocity laws on curves
The main applications so far of the theory of the previous section are to explicit reciprocity laws on hyperbolic curves [3, 6, 10] , and we give a brief survey of illustrative examples. Some other works with further developments which we do not discuss include [4] and [5] . It should be noted that most of these examples do not make direct use of the reciprocity laws described here. However, reciprocity should be viewed as the organising principle explaining the numerical examples from a theoretical standpoint.
When X 0 is a hyperbolic curve defined over F with a good integral model (cf. footnote 1 in section 1) and compactification over O F,S , then one gets a diagram
so that equations defining Im(loc 1 S (U n )) can be pulled back via j n to give analytic defining equations for X 0 (O F,T ) inside v∈S X 0 (F v ) for various subsets T ⊂ S. In this discussion, we assume that the primes dividing p are not in T . Then the condition of integrality at v / ∈ T defines subspaces
incorporating at once the condition of coming from global cohomology and that of being integral at v / ∈ T . So far, this method has been tested only for F = Q. One typically projects the zero set to X 0 (Z p ), and gets a union of analytic sets depending on the equations. That is, one defines
where Pr p :
is the projection to the Q p component, which is then a set that contains
Here then are a few examples. We refer to the papers cited for precise explanations of the notation.
4.1. The projective line minus three points. (Joint work with Balakrishnan, Dan-Cohen, and Wewers [3] , as well as the paper of Dan-Cohen and Wewers [10] .) Let X 0 = P 1 \{0, 1, ∞}. In this case, it is easy to check directly that X 0 (Z[1/2]) = {2, −1, 1/2}. Using the reciprocity law, we find
Here,
The log here refers to the p-adic logarithm and k (z) the p-adic k-logarithm, which can be defined in a disk by a series
and analytically continued using Coleman integration. Numerically, this zero set appears to be exactly equal to {2, −1, 1/2}.
Punctured elliptic curves.
(Joint with Balakrishnan, Dan-Cohen, and Wewers [3] ) Let X 0 = E \ O where E is a semi-stable elliptic curve of rank 0 and
We use Coleman integration to define the p-adic logarithm on the elliptic curve:
(b is a tangential base-point) as well as a dilogarithm:
Let T be the set of primes of bad reduction. For each l ∈ T , let
where ∆ E is the minimal discriminant. Define a set
and for each w = (w l ) l∈S ∈ W := l∈S W l , define
With assumptions as above
where
Of course,
but depending on the reduction of E, the latter could be made up of a large number of Ψ(w), creating potential for some discrepancy. In fact, so far, we have checked
for the prime p = 5 and 256 semi-stable elliptic curves of rank zero, some of which are listed in the following table.
Cremona label number of ||w||-values  1122m1  128  1122m2  384  1122m4  84  1254a2  140  1302d2  96  1506a2  112  1806h1  120  2442h1  78  2442h2  84  2706d2  120  2982j1  160  2982j2  140  3054b1  108 Hence, for example, for the curve 1122m2,
there are potentially 384 of the Z(w)'s that make up X 0 (Z p ) 2 . Of these, all but 4 end up being empty, while the points in those Z(w) consist exactly of the integral points (752, −17800), (752, 17048), (2864, −154024), (2864, 151160).
4.3.
A compact curve of genus 2. (Balakrishnan and Dogra, private communication, based on [6] ) Let X 0 be a smooth projective model of
a curve of genus 2, rank 4. Put z 0 = (0, 1), w = (−7, 440). Let E/Q denote the rank 2 elliptic curve y 2 = x 3 + 31x 2 + 31x + 1
with Mordell-Weil generators P 1 = (−29, 28), P 2 = (−15, 56), and let
i dx/2y, and
Searching numerically among the zeros reveals the following set of rational points:
Analogies to gauge theory
Once again, let X 0 /F and let A F be the ring of adeles. Philips Candelas and Xenia de la Ossa have communicated to me the viewpoint that
should be thought of from the physicist's perspective as the 'space of classical paths' sitting inside the space of quantum paths, which themselves can be quite jagged. While this viewpoint may appear fanciful from a strictly mathematical perspective, it appears to fit in well with the formalism of this paper.
As described in [17] , there is a universal unipotent lisse sheaf P -X 0 with the property that given any point c : Spec(F ) -X 0 , we have P (c) = c * P.
Similarly, a local point c v : Spec(F v ) -X 0 gives rise to a local torsor P (c v ) = c * v (P). In short, the univeral torsor P is responsible for converting the 'classical paths' X(F ) into global torsors on Spec(F ), and the quantum path (c v ) ∈ X(A F ) into a collection of local torsors. That is, it associates to classical and quantum paths classical and quantum gauge fields on Spec(F ).
In the previous section, we have emphasised a fixed finite set of places, but of course, it would have been straightforward, as in [16] , to study an adelic localisation
except the restricted direct product requires some care to define properly. When this is done, we would again have a map
whose image cuts out the global torsors. From this point of view, each element of a H 1 (O F,S , (U n n ) * (1)) gives an 'equation of motion' satisfied by the 'classical fields', which then can be translated into equations for classical paths via the non-abelian Abel-Jacobi map. However, the gauge-theoretic formulation of this analogy appears to be more natural than the one involving paths.
From an arithmetic viewpoint, the importance of this analogy is somewhat captured by the computations of the previous section. Whenever it's possible to describe the global image explicitly, one obtains analytic equations defining global points inside spaces of local points. However, many of the methods used so far have been somewhat ad hoc. On the other hand, there is indication that physicists (cf. [14] ) have a better intuition for such localisation maps, at least in the setting of principal bundles on 3-manifolds with boundary. There, localisation corresponds to restriction of principal bundles to a boundary two-manifold. It is this intuition that would be useful to translate into an arithmetic setting. A beginning has been made in [18] and [7] .
